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Abstract – This paper examines the properties of 

algebraically stabilized linear transformations in artificial 

neural networks (ANNs) under a change of basis and their 

compatibility with symmetry-invariant architectures. We 

investigate the conditions under which a stabilizing 

transformation of the form 𝑊𝑘 = 𝐼 + 𝜇𝐷, defined over 

integer matrices, preserves its properties under conjugation, 

i.e., when passing to an equivalent form W′ = 𝐵−1𝑊𝐵 in a 

new basis. It is shown that such transformations form a 

closed class with respect to conjugational equivalence and 

can be employed in environments with diverse geometric 

and symmetry requirements. Additionally, we analyze the 

role of symmetric actions on the input space and define 

conditions for the invariance of transformations with 

respect to specific groups of transformations. Both formal 

algebraic properties and the geometric and semantic 

interpretation of stability in this context are considered. 

Different types of stability are presented – algebraic, 

conjugational, and symmetry-based – along with the 

relationships between them. The results are relevant to the 

design of ANN architectures with predictable behavior, 

robustness under transformations, and compatibility with 

predefined symmetric structures.  
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1. Introduction 

At the core of modern artificial neural networks 

(ANNs) lies the process of transforming input 

information into a representation that is better suited 

for solving a specific task – whether classification, 

regression, segmentation, or decision-making. These 

transformations are typically implemented through 

linear operators (weight matrices) and nonlinear 

functions that operate jointly within layers arranged in 

deep architectures. Each linear layer, represented by a 

weight matrix 𝑊, aims to transform the input vector 𝑥 

into a new linear space such that relevant features are 

extracted, amplified, or made more distinguishable for 

subsequent levels of processing. 

In this sense, transformation matrices are not 

merely parameters but active operators that shape the 

geometry of the representation. They can implement 

rotations, projections, scalings, changes of basis, and, 

in a more general setting, induce group actions or 

invariant structures on the data. It is precisely through 

these transformations that an ANN processes and 

reconfigures the input in order to achieve the desired 

behavior. The question of how these operators behave 

and what they actually “do” in the representation 

space is no less important than the model’s final 

performance. 

The deeper or more complex an ANN becomes, the 

more critical it is for the behavior of individual 

transformations to be controllable and stable. Without 

clearly defined constraints on the transformation 

operators, the ANN may enter unstable regimes – such 

as exploding gradients, loss of information, poor 

generalization ability, or instability under input 

perturbations. Particularly in sensitive architectures 

such as recurrent, residual, quantized, or symmetry-
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invariant ANNs, uncontrolled transformation 

behavior can lead to severe distortions of the semantic 

structure of the data. 

For this reason, in recent years there has been a 

clear trend toward stabilizing transformations through 

a variety of approaches: from constraining spectral 

norms [1–4], through normalization and regularization 

techniques [5–8], to geometric and algebraic 

conditions and explicitly constructed structures [9–

11]. The main objective of these methods is to 

introduce structural robustness, ensuring that 

operators, when applied repeatedly, do not drift 

beyond certain behavioral bounds and that essential 

information is preserved. The introduction of 

algebraically defined stabilizing conditions – such as 

exponentiation to the identity form or compatibility 

with group actions – represents a further step in this 

direction, as it offers not merely numerical control but 

a constructive framework for predictability and 

structural guarantees of the transformations. 

In our previous study [12], we introduced the 

concept of algebraic stabilization of linear 

transformations in ANNs. That study analyzes the 

conditions under which a given linear transformation 

matrix 𝑊 ∈ ℤ𝑛×𝑛, composed of integers and 

satisfying 𝑑𝑒𝑡(𝑊) ≠ 0, can be stabilized through 

exponentiation. The notion of an algebraically 

stabilized transformation is defined as follows: for a 

given natural number 𝜇 > 1, coprime with the 

determinant of 𝑊, there exists an exponent 𝑘 ∈ ℕ and 

a control matrix 𝐷 ∈ ℤ𝑛×𝑛 such that 

 𝑊𝑘 = 𝐼 + 𝜇𝐷, (1) 

where 𝐼 denotes the identity matrix. This equality (or 

its modular representation) defines a stable algebraic 

configuration in which repeated application of the 

transformation yields a result differing from the 

identity by a controlled additive term modulo 𝜇. This 

approach has practical relevance for ANNs 

implemented using integer arithmetic, as well as for 

quantized or hardware-constrained architectures 

(FPGA/ASIC). 

From a theoretical standpoint, we prove that if 

𝑔𝑐𝑑(𝑑𝑒𝑡(𝑊), 𝜇) = 1, then there exists an exponent 𝑘 

such that the reduced matrix 𝑊̅ = 𝑊 𝑚𝑜𝑑 𝜇 satisfies 

𝑊𝑘 = 𝐼 + 𝜇𝐷. (2) 

which shows that equality (1) is indeed fulfilled for 

some matrix 𝐷 ∈ ℤ𝑛×𝑛. This result constitutes 

algebraic stabilization by exponentiation, 

guaranteeing structural robustness of the 

transformations without the need for optimization-

based training or empirical tuning. 

The present paper builds upon the results obtained 

in [12] and aims to analyze the robustness of algebraic 

stabilization under a change of basis, as well as the 

invariant properties of the transformations when 

considered in the context of conjugation. In this way, 

a path is outlined toward the development of a more 

general theory of stabilizing blocks. 

2. Change of Basis and Symmetry-Invariant 

ANNs 

In the previous stage of this research [12], we 

introduced the idea of algebraic stabilization of linear 

transformations through exponentiation of integer-

valued weight matrices. It was shown that, under 

certain conditions, the transformation 𝑊𝑘 exhibits 

behavior equivalent to the identity modulo 𝜇. This 

property enables the construction of predictable and 

controllable transformation blocks.  

However, one important question remains open: 

what happens if we operate in a different basis? 

2.1. The Problem of Basis Dependence 

Let us recall that any linear transformation 

represented by a matrix 𝑊 depends on the chosen 

basis of the space. If we change the basis using an 

invertible matrix 𝐵 ∈ 𝐺𝐿𝑛(𝑄), then the 

transformation 𝑊 in the new basis is represented by 

the conjugated matrix 

W′ = 𝐵−1𝑊𝐵. (3) 

This operation does not change the linear nature of 

the transformation, but it does alter its specific form. 

If we regard 𝑊 as a block within an ANN architecture, 

the following question naturally arises: will the 

stabilizing behavior of the transformation be 

preserved after such a change of basis? 

The answer to this question is important in many 

practical applications – for example, in computer 

vision or signal processing – where input data are 

often not presented in a form suitable for direct 

processing. For this reason, a preliminary linear 

transformation is frequently applied: 

𝑥 ↦ 𝐵−1𝑥, (4) 

whose purpose is to: 

• orthogonalize the input components (e.g., via 

PCA or whitening) [13–15]; 

• decorrelate and normalize the dimensions 

[13,16]; 

• map the input into a “natural” space in which 

symmetries are more easily captured [14,17–

19]. 

If the layers of an ANN are designed with a 

stabilizing transformation 𝑊, then in order to preserve 

this stability after the linear preprocessing of the input, 

one must use the conjugated matrix W′ = 𝐵−1𝑊𝐵. In 

this way, algebraic stability is retained under the new 

input structure. 
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This issue is also directly relevant in transfer 

learning and fine-tuning scenarios, where 

transformations must be adapted across representation 

spaces. [20–23]. In such cases, a model is pre-trained 

on one dataset and subsequently applied to another 

(for example, transfer from English to German in 

NLP, or from daytime to nighttime images). This often 

requires adapting coordinate representations and/or 

applying linear transformations to align the semantic 

structure of the inputs. This, too, constitutes a form of 

change of basis. To directly reuse the pre-trained 

weights 𝑊 without losing their stabilizing properties, 

it is necessary to conjugate them into the new space. 

In 𝐺-equivariant architectures, the ANN output is 

required to transform in a manner consistent with the 

symmetries present in the data [24–27]. For example, 

under a rotation of the input image, the activations 

should rotate accordingly, while under translation or 

reflection a covariant response is expected. In this 

context, many operations are not performed directly in 

the original basis but rather in a basis adapted to the 

symmetry group (e.g., via harmonic analysis, Fourier 

transforms, spherical harmonics, etc.). 

A change of basis via 𝐵 is therefore a mandatory 

step to enter this group-adapted space. In order for the 

layers to remain stabilized in this new space, it is 

important that their form be W′ = 𝐵−1𝑊𝐵. This 

guarantees that the stabilization modulo 𝜇, achieved 

through 𝑊, remains valid in the group-transformed 

basis. 

Beyond everything mentioned so far, one must also 

take into account hardware optimization. In quantized 

ANNs – especially in FPGA or ASIC implementations 

– it is often necessary to: 

• compress layers via low-rank factorizations 

[28–31]; 

• apply structural transformations to achieve 

better memory layout [32–34]; 

• work with canonical or special matrix forms 

(e.g., diagonal, triangular, Toeplitz, etc.) [35–

38]. 

In all of these cases, the original matrix 𝑊 is not 

used directly but only after an appropriate linear 

change of basis. Conjugation W′ = 𝐵−1𝑊𝐵 enables 

such implementations without losing previously 

established properties – including stabilizing ones. 

From all the examples presented, it becomes clear 

that a change of basis via conjugation is not merely a 

theoretical assumption considered in the theory of 

ANNs. Rather, it is a natural – and often unavoidable 

– step in real-world engineering scenarios and in the 

design of modern ANNs architectures. This implies 

that if we succeed in combining algebraic stabilization 

through exponentiation with robustness under basis 

transformations, we will be able to construct 

structurally stable layers that: 

• can be “transported” across different data 

representations; 

• preserve predictable behavior even under 

group symmetries and input transformations; 

• integrate naturally into computationally 

efficient hardware implementations. 

2.2. Invariance under Conjugation and Transfer 

of Stability. Analogy with Transfer Learning 

and ANN Symmetry 

From an algebraic point of view, if 𝑊 ∈ ℤ𝑛×𝑛 

satisfies 𝑊𝑘 = 𝐼 + 𝜇𝐷, where 𝐷 ∈ ℤ𝑛×𝑛, then for any 

invertible matrix 𝐵 ∈ 𝐺𝐿𝑛(ℚ) we can apply 

conjugation: 

W′𝑘
= (𝐵−1𝑊𝐵)𝑘 = 𝐵−1𝑊𝑘𝐵 

= 𝐵−1(𝐼 + 𝜇𝐷)𝐵 = 𝐼 + 𝜇𝐵−1𝐷𝐵. 
(5) 

That is, the new transformation 𝑊′ also satisfies an 

equation of the form 

 W′𝑘 = 𝐼 + 𝜇𝐷′, (6) 

where 𝐷′ = 𝐵−1𝐷𝐵 and 𝐷′ ∈ ℚ𝑛×𝑛. 

If 𝐵 has rational (or even integer) entries, then 𝐷′ 
will also belong to ℚ𝑛×𝑛, or even to ℤ𝑛×𝑛 under 

suitable conditions. This demonstrates that algebraic 

stabilization is robust under a change of basis via 

conjugation. 

In the context of ANNs, a change of basis can be 

interpreted as a change in the representation of the 

input or hidden features. As already mentioned, this 

idea underlies a wide range of techniques, including: 

• transfer learning, where already trained 

transformations are applied to a new 

representation of the input; 

• group-equivariant neural networks (GNNs), in 

which the architecture is required to be 

invariant (or covariant) with respect to groups 

of transformations – for example, image 

symmetries such as rotations and translations. 

This implies that the proposed algebraic 

stabilization through exponentiation and conjugation 

can be naturally employed in such architectures, 

where the portability of stability across bases (or 

representations) is essential. The stabilizing behavior 

is transferable, making it possible to construct ANNs 

with symmetry-invariant structures in which the 

properties of one layer propagate to other layers 

through appropriate transformations. 

Figure 1 illustrates precisely such a change of 

basis. The black circle illustrates the original input of 

the ANN, while the red ellipse is the result of the 

transformation by 𝑊 (the input is transformed into an 
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ellipse). The blue ellipse (dashed) depicts the result of 

the transformation by 𝐵−1𝑊𝐵 – naturally different in 

the new basis and tilted, yet still an ellipse. Since the 

corresponding conjugated transformation is applied, 

the geometric essence of the operation is preserved (it 

remains an ellipse). This is a powerful tool – both in 

the presence of symmetries and when adapting to new 

spaces (transfer learning, equivariant networks, etc.). 
 

 
Figure 1. Effect of the change of basis (MATLAB 

v.2018). 

3. Discussion 

In the preceding sections of the paper, we 

examined how the operation of conjugation makes it 

possible to preserve the stabilizing behavior of linear 

transformations in ANNs, even when the basis of 

representation is changed. This property was 

considered not only out of theoretical interest, but also 

because of its direct practical relevance – particularly 

in cases involving data preprocessing, knowledge 

transfer, symmetry-invariant architectures, and 

hardware-oriented implementations. 

The main advantage (Figure 2) of the proposed 

concept is that it enables portability of stability: 

transformations that are stabilized in one basis can be 

transported via conjugation into another basis without 

losing their key properties. This is made possible by 

the fact that the condition for algebraic stabilization is 

invariant with respect to the conjugation operation. 

Algebraically, this means that if 𝑊𝑘 = 𝐼 + 𝜇𝐷, then 

for every square matrix 𝐵 that is invertible (𝑑𝑒𝑡𝐵 ≠
0), we also have: 

𝐵−1𝑊𝑘𝐵 = 𝐼 + 𝜇𝐷′, (7) 

for an appropriate matrix 𝐷′. If 𝐵 is a nonsingular 𝑀-

matrix, then 𝐵−1 ≥ 0 (elementwise), which ensures 

monotonicity/positivity of the solutions. In the 

symmetric case, this coincides with the class of 

Stieltjes matrices and additionally implies positive 

definiteness. 

Equality (7), expressing preservation of structure 

under conjugation, enables the construction of 

structurally stable ANN blocks that can be adapted to 

different input representations or varying architectural 

requirements. 
 

 
Figure 2. Advantages of algebraic stabilization. 

From the perspective of group-equivariant 

networks, this mechanism enables compatibility with 

symmetries in the data: if the input data are 

transformed by rotations, translations, or other linear 

group actions, the conjugated stabilizing 

transformations will follow this change and preserve 

their algebraic properties. This makes it possible to 

construct symmetry-invariant architectures that are 

both adaptive and robust. 

Moreover, this technique is compatible with real 

engineering practices. In transfer learning, when 

trained weights are adapted to new input 

representations, the possibility of algebraic transfer of 

stability allows already trained layers to be reused 

without the need for additional regularization or 

retraining. A similar situation arises in hardware 

implementations (e.g., FPGA/ASIC), where the use of 

special bases – for improved compression, 

parallelization, or energy efficiency – does not violate 

the stabilizing properties, provided that the 

transformations are conjugated correctly. 

This type of algebraic stabilization also provides 

another important tool for visual and interpretative 

control. It enables model behavior, transformations, or 

responses (in our case, of an ANN) to be understood, 

explained, and interpreted in a structured and 

predictable manner. 
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In the present context of geometric invariance, this 

means that when the ANN responds in a particular 

way to symmetry, rotation, translation, scaling, and 

similar transformations, these responses are not 

arbitrary but follow an established regularity that can 

be interpreted. For example, if we know that the ANN 

is invariant under rotations, we can explain in advance 

why rotating the input does not lead to a change in the 

output. This constitutes interpretative control – 

knowledge grounded in structure rather than in 

empirical observation. 

The benefits of interpretative control are multiple. 

It improves model explainability, which is important 

in sensitive domains such as medicine, autonomous 

systems, and law. It enables formal verification: when 

invariance is justified geometrically or algebraically, 

provable properties of the ANN can be formulated. 

Finally, it facilitates debugging and error analysis, 

since we know where deviations in the output can – or 

cannot – originate. 

Of course, the proposed concept also entails certain 

limitations. Not every change of basis is easy to 

implement in practice, especially in large-scale ANNs. 

Moreover, the requirement to maintain a conjugated 

structure at every layer may introduce additional 

complexity in architectural design or in the 

transformation of pre-trained modules. Nevertheless, 

the advantages clearly outweigh these limitations, 

particularly for systems that are highly sensitive to the 

stability of transformations. 

Ultimately, through the theoretical framework 

introduced in [12] and the demonstrated portability of 

stability across different bases, a foundation is 

established for constructing ANN structures that are 

not only effective but also algebraically robust when 

transitioning across layers or representations. Future 

research will be directed toward such a construction – 

namely, a universal algebraically stable block. 

Finally, we note that the literature frequently 

employs special classes of 𝑍-matrices in the analysis 

of invertibility and the sign properties of inverse 

matrices. Recall that a 𝑍-matrix is a square matrix with 

nonpositive off-diagonal entries. An 𝑀-matrix is a 𝑍-

matrix whose eigenvalues have nonnegative real parts 

(in the nonsingular case, this guarantees invertibility 

and 𝐵−1 ≥ 0 elementwise). An 𝑁0-matrix is an 

invertible 𝑍-matrix whose inverse is elementwise 

nonpositive (𝐵−1 ≤ 0) [39]. In future work, we plan 

to investigate how the choice of matrices 𝐵 from the 

classes of 𝑍-, 𝑀-, and 𝑁0-matrices influences the 

construction of algebraically stable blocks and their 

robustness under finite-precision arithmetic and 

quantization. Of particular interest is the question of 

whether these matrix classes are preserved (or how 

they transform) under conjugation for admissible 

changes of basis, and whether practically verifiable 

conditions can be formulated to guarantee 

preservation of their sign properties. Additionally, we 

intend to examine the applicability of these matrix 

classes in the context of monotone/positive dynamical 

systems, where sign constraints on 𝐵−1 carry direct 

physical interpretation. 

4. Conclusion 

This paper investigates the robustness of 

algebraically stabilized linear transformations under a 

change of basis and their compatibility with 

symmetry-invariant structures in ANNs. The analysis 

builds upon the theoretical framework introduced in 

the previous stage of this research, where conditions 

for algebraic stabilization via exponentiation were 

defined. Here, we extend this approach by showing 

that the stabilizing behavior is preserved under 

conjugation, that is, when the transformation matrix is 

transferred to a new basis via W′ = 𝐵−1𝑊𝐵. 

We argue that this result is of both theoretical and 

practical significance. From a theoretical perspective, 

it demonstrates that the class of algebraically 

stabilized transformations is closed under conjugation 

– a structure that plays a central role in group theory, 

representation theory, and linear algebra. From a 

practical standpoint, it implies that once a stabilizing 

matrix has been constructed, it can be adapted to 

different basis representations without violating its 

structural properties. 

Such a transfer of stability is important in a number 

of real-world scenarios: 

• In transfer learning, where trained parameters 

are adapted to new input spaces; 

• In symmetry-invariant architectures, where 

transformations must be compatible with 

groups of symmetries (rotations, translations, 

etc.); 

• In hardware-constrained systems, where 

changes of basis are used to optimize memory 

usage, parallelism, or energy efficiency. 

The present study also shows that conjugation 

preserves not only the algebraic form but also the 

geometric character of the transformations, allowing 

the semantic structure and symmetric relationships in 

the input to be maintained. This, in turn, facilitates 

visual and interpretative control, which is essential for 

model explainability and reliability – especially in 

critical domains such as autonomous systems, 

medicine, or the legal domain. 

Despite these advantages, certain limitations 

should not be overlooked. Changing the basis via 

conjugation may introduce additional complexity in 

architectural design, particularly in deep neural 

networks. Moreover, not every ANN architecture 

allows for straightforward maintenance of conjugated 
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transformations across all layers. Nevertheless, the 

stability and adaptability achieved through this 

approach make it a highly valuable tool in modern 

ANN architectural design. 
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